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MATHEMATICS

(MEASURE AND INTEGRATION)

A Blackwell Space Which Is Not Analytic
by

M. ORKIN

Presentedby K. KURATOWSK/ on July 3/, /97/

Summary. Blackwell proved in 1954 that if A is an analytic set (contained in a Polish space) and
6 is arbitrary countably generated a-field contained in a-field of'13A of the relatively Borel subsets
A and such that all singletons belong to /j. then '/J=C)3A. In the paper the author proves
that in every uncountable Polish space there is contained a set A having the above property of
Blackwell and such that neither A nor the complement of A contains uncountable analytical set.

A countably generated IT-field~ of subsets of a set X is called a Blackwell space
if for every countably generated IT-fielde c: ~ having the same atoms as ~, then
e=\j'. An equivalent characterization is the following: Iffis a I-I Borel measurable
function from X into a countably generated measurable space, then r: I is also
Borel (e.g., see [3]). In [IJ, Blackwell proved that every analytic subset of a Polish

I
space (endowed with the relative Borel IT-field)is a Blackwell space. The converse
to this result has remained an open question. In this paper we prove the converse

I
to be false; if X is a Polish space (uncountable complete separable metric space),
weconstruct a non-analytic (in fact, non measurable) subset of X which is a Blackwell
space.

I
The Construction. Let X be an (uncountable) Polish space. Let ')3 be the IT-field

of Borel sets of X. Using transfinite induction, we will construct a set AcX with
the following properties:

I
1* Neither A nor AC contains an uncountable analytic set (thus, A is not analytic

nor measurable with respect to the completion of any measure on CJ3).

I
2* Iff is a Borel function from X ... X such that Sf={x\cardf"' (x»I} is

uncountable, then there exists distinct x, y in A such that f(x)=f(y)·
We proceed with the construction; we first well order the class of uncountable
Borel sets in X (This class has power c). We next well order the class of Borel functions

j f :X --+ X which satisfy the condition that Sf is uncountable. This class of functions
also has power c. We inductively construct two disjoint collections of nested sets,

I A:r.. £3., as follows:
First, we select four distinct members of X, Ott bit Cit db where Qh di are

members of B" and f, (b,)=f, (c.), and where B,.f, are the first members of

I [437)
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the previous orderings. We let {al>hI> c,} =AI> {d,}=Ej• When B., I.are reached in
the induction (where a is an ordinal less than c) we select four distinct points a" b;
CO' d. which have not previously been selected and where a., d. are memhers of B. and
where I. (b.) =1. (c.). We can do this because the sets B. and Sf' are resepctively Borel
and analytic and since uncountable, must have power c. We then let A.=U A, U'«<
v{a"b" c.}, E.=UE,v{d.}, etc. We then let A=U A e- It is easily seen that A

fJ<r.t. «<c
satisfies properties 1*,2*.

We now consider the pair (A, '130), where 03° is the relative Borel a-field on A.
Suppose that gO : A-->X is '13° measurable and I-I. It is known (see [3J, p. 434, VI)
that gO can be extended to a C)3 measurable function g, on all of X. We have, by the
properties of A, that g has the following properties:

3* All sets s:' (y) are countable (follows from 1*).
4* S, is countable (otherwise, by 2*, for some distinct u, v E A, gO (u)=g (u)=

=g (v)=gO (v), which cannot happen, since gO is 1-1).
But 3* and 4* imply there is a countable set N E X such that the function h=g
restricted to X'-.N is 1-1. Since X'-..N is Borel, the inverse h-j is a Borel function,
thus, so is the inverse gO - t, which completes the proof.
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We wish to thank the referee, Professor C. Ryll-Nardzewski, for suggesting
a simplified version of the original proof.
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um

M. OpKHH:, Flpocrpaacrao Ji.rIeKY3J1JIa, KOTOpoe He HaJIReTCH I1H8J1lfllr1ecKHM

CO)lep:ilalHHe. ,[{. EJIexy3JIJI noxaaan eme B 1954 rozty. ':ITO eCJ1HA - aaamrrtr'recxoe M!lO:+<ecTBO

(conepscameecs B nOJIbCKOM npocrparrcrae) 11 ecna ty - npOH3BOJIbHOe cverso nopoactaeeroe
c-norre, conepxaureeca B a-none C)3.( peJJRTHBHO 60peneBLIX nO,ll;MHO:lKCCTB A H TaKoe,. 'ITO Bee

caarens'ronsr npartannecxa'r K jJ, TO ty=CBA• B uacroenea pafiore aBTOp ,n;OK83bTBaeT, QTO B K3jK-

,n;OM necaerscoe ITOJIbCKOM npOCTpaHCTBe coztepacnrcs MHO)KeCTBO A, ofinanaromee BLIIUeynoMSI:-

HYThIM: CBORCTBOM EneKy3JJJIa 11 TaKOe, l.J:TOHIt 3TO MHO)f(eCTBO, HH ero ,o:0I10JJHeHHe He conepwar
eeceereoro aHaJJHTH"IeCKOrO MHO)KeCTBa.
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